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Abstract

In this note we argue that in Common Agency games, the restriction to deter-
ministic menus is crucial. We give an simple example (complete information, no
moral hazard) in which an equilibrium is not robust to the introduction of stochastic
menus.
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1 Introduction

In games where principals compete in mechanisms, the Revelation Principle does not
hold (attention to standard direct mechanisms is not whithout loss of generality). How-
ever, a Delegation Principle is valid. Roughly, the later says that all equilibrium out-
comes of any common agency game where principals can offer arbitrarily complex
mechanisms can also be implemented as equilibrium outcomesof a game where prin-
cipals are restricted to offer sets (menus) of lotteries over payoff-relevant allocations.

∗This note corrects Piaser (2005). The main example has been corrected in order to get the result. The
rest of the note remained unchanged. I want to thank SiddarthMadhav who pointed out an error on the
previous version.

†Luxembourg School of Finance, Université du Luxembourg
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Furthermore, outcomes sustained by menus are weakly robustin the sense that they
remain equilibrium outcomes also when principals are allowed to offer more complex
mechanisms. (see Peters (2001) or Martimort & Stole (2002)).

The standard literature on Common Agency games usually assumes that lotteries are
not available. This assumption drastically simplifies the analysis, but it delivers some
unpleasant implications. These consequences have not beencompletely understood.
For example, Martimort and Stole state:

The main restriction in our analysis over general communication mecha-
nism games, therefore, is to limit the principals to offering menus with only
deterministic outcomes (i.e., nonlinear price-quantity schedules) rather than
allowing for more general menus of distributions (i.e., nonlinear price-
quantity lottery schedules). We are not aware of any equilibrium generated
by lotteries that is not also generated by nonlinear prices,but at present we
cannot state that this restriction is without loss of generality.1

We provide here a simple example (complete information, no moral hazard) showing
how the existence of a pure strategy equilibrium crucially depends on the restriction to
deterministic menus.

2 The Model

We consider a scenario where there are a number of principals(indexed byi ∈ N =
{1, ...,n}) contracting with one agent (denoted by index, 0). The agent’s type is drawn
from a setΘ having a probability distributionF (.) that is common knowledge. We
assume that the agent takes an efforte from the setE. The principali takes an action as
well: He has to decide which allocationyi ∈Yi should be implemented. A principal is
able to contract on a probability distribution overYi. In the following,∆Yi denotes the
set of all probability distributions overYi.2

The payoff to principali ∈ {1, ...N} is represented by the vNM utility functionVi :
∏k∈NYk×E×Θ → R+, while the agent’s payoff is given by the functionU : ∏k∈NYk×
E×Θ → R+.

The principals compete through mechanisms. Each principals’ mechanism is a cou-
ple (Mi,σi) whereMi is the chosen message space andσi is a map fromMi to ∆Yi. The

1Martimort & Stole (2003, p. 20, footnote 17)
2In this model, playing a lottery is a pure strategy for a principal, this point has already been clarified

by Peters (2001).
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set of all feasible message spaces will be given byMi and we also denoteM =×i∈NM〉
andM = ×i∈NMi. For the sake of expositional clarity, we assume that∀i ∈ N, Θ ∈ Mi

and∀i ∈ N, ∀Ti ⊂ ∆Yi, Ti ∈ Mi. These assumptions do not alter the qualitative insights
of the analysis, as long as the setsMi are rich enough.

Finally, we will use the compact notationπi = (Mi,σi). The principal i’s strategy set
will be given byΠ∆

i , andΠ∆ denotes the collection of all those sets.

Each agent chooses a messagemi ∈ Mi for each principal and an efforte. For every
collection of mechanisms(σ,M)∈ Π∆, a pure strategy for the agent is given by the map
σ0 : Θ×Σ∆ (M) → M×E; we will useΣ0 to denote the agent’s strategy set. Given the
collection of message spacesM the common agency gameΓ∆

M
is:

Γ∆
M

=
{

Θ,
(

Π∆
i

)

i∈N
,Σ0,U (., .,θ) ,(Vi (., .,θ))i∈N ,F (.)

}

.

We focus on thepure strategyPerfect Bayesian Equilibrium (PBE) of the gameΓ∆
M

.

Peters (2001) and Martimort & Stole (2002) show that even if the Revelation Prin-
ciple fails to hold with respect to the gameΓ∆

M
, the so-called Delegation Principle can

be applied in a general way. That is:

• One can restrict the set of relevant message spaces and consider the sets of all
subsets of∆Yi rather thanMi.

• It can be assumed that the mapσi is the identity over the chosen subset of∆Yi.

The common agency game where principals are restricted to use menus is given by:

Γ∆Y =
{

Θ,
(

2∆Yi

)

i∈N
,Σ0,U (., .,θ) ,(Vi (., .,θ))i∈N ,F (.)

}

,

where 2∆Yi denotes the set of all possible subsets of∆Yi.

Roughly speaking, the Delegation Principle states that one can consider the gameΓ∆Y

rather than the gameΓM , which simplifies the analysis.

3 Deterministic Menus

If lotteries are not allowed, then a menu for principali is given subsetTi of the decision
spaceYi. We argue that there is no direct relationship between the set of equilibria of
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a menu-game where lotteries are allowed, and that of the samegame when stochas-
tic menus are considered. We clarify this point in the following example inspired by
Gjesdal (1982).

There are two principals (denoted 1 and 2). The two decision spaces are both given
by the set[0,4]. We allow principals to offer menus, that is, subsets of[0,1]. The agent
chooses his preferred outcome in each list, sayy1 andy2. Then, he communicates the
choice to every principal, he saysy1 to principal 1 andy2 to principal 2. In a final step,
y1 andy2 are implemented. In this example there is no moral hazard problem,E = /0,
and we also assume that the agent has no private information.

The preferences of principal 1 are defined as follows:
Principal 1’s utility function is

V1(y1,y2) = y2−y1, (1)

Principal 2’s utility function is constant

V2(y1,y2) = 10. (2)

The agent’s preferences are given by

U (y1,y2) = y1 (4−y2)−
y2

1

y2
. (3)

We claim that the following strategies form an equilibrium:

• Principal 1 offers the menu{1/4}.

• Principal 2 offers the menu[0,4]

• The agent choosesy2 = 1/2

In this situation,U = 3
4, V2 = 10 andV1 = 1

4. Observe that Principal 1 offers a
so-called degenerate menu, i.e. his menu is made of one allocation only.

We now argue that this strategy profile constitute an equilibrium. First, consider prin-
cipal 1: he has no reason to deviate to another degenerate menu {y1} . If he does that,
then the agent has an incentive to choose the itemy2 =

√
y1 in the principal 2’s menu.

As a consequence, the utility of the principal 1 becomes:

V1(y1,
√

y1) =
√

y1−y1,

which is maximum fors= 1
4.
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Since principal 1 has no incentive to deviate to a degeneratemenu, he will also not
have any incentive to deviate to a more complex menu.

Principal 1 has a profitable deviation if lotteries are allowed. Suppose he plays the
following lottery: 0 with probability 0.5 and 1 with probability 0.5, he can improve his
welfare. In this case, the agent has to choose his preferred value ofy2 in the menu offered
by the second principal which maximizes his expected utility. Simple computations
show that the maximum of

1
2

[

(4−y2)−
1
y2

]

is attained wheny2 = 1 and thus the agent will choosey2 = 1 in principal 2’s menu.
Finally, the utility of principal 1 is equal to

√
1− 1

2

which is strictly greater than14.

4 Discussion

One should observe that at equilibrium menus are convex sets, and all players have
standard utility functions. That is, the role of lotteries cannot be explained by existence
of some non-convexities in the game.

Let us concentrate on the relationship between the agent andthe first principal. They
are Nash player and they take principal 2’s strategy as given. We emphasize that even if
there is no moral hazard issue in our game, the agent takes a non-contractible action: he
chooses the decisiony2 in the menu offered by the second principal. Thus, principal1
is in fact acting as if he were in a moral hazard framework. He choosesy1 and the agent
choosesy2.

In is well known in moral hazard framework, lotteries maybe welfare-improving
for the principal. Prescott (1999) gives two conditions under which a principal may
have an incentive to offers lotteries instead of deterministic allocations. First, if utilities
functions are not concave, then the principal is likely to use stochastic mechanisms: if
the agent is risk-seeker, there is an obvious gain by using lotteries. But Prescott (1999)
also indicates that non-separability betweeny1 andy2 in the agent’s preferences makes
stochastic mechanism desirable.3 Our example parallels other results already available

3If agent preferences are separable iny1 andy2, if the utility function U (y1,y2) can be written as
Ũ (Φ(y1) ,φ(y2)), then Attar et al. (2005) have shown that the Revelation Principle generically applies
and that the restriction to direct mechanisms is without loss of generality.
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in the literature like Cole (1989), and thus it could be interpreted in a similar way, even
though the intuition of the role of lotteries is not obvious.

In our example, by using lotteries, the first principal makesthe choice of the agent
less precise: he cannot choosey2 = y1 as he does not observe the realization of the
lottery.

We also remark that lotteries play a crucial role in contracttheory. In multi-agent
games Strausz (2003) has recently shown that the Revelation Principle does not hold for
deterministic mechanisms, and direct mechanisms may be suboptimal. Lotteries are rel-
evant in general equilibrium settings: Prescott & Townsend(1984) shows that lotteries
may help to convexify principals’ program and are necessaryto show the existence of
an equilibrium when asymmetric information is explicitly introduced. Not surprisingly,
lotteries also play an important role in common agency games.

Lotteries are sometimes considered as unrealistic. Prescott (1999) provides some
arguments against that view. If lotteries are not explicitly found in the terms of con-
tracts, they can be indirectly implemented. Examples of such complex indirect stochas-
tic mechanisms are given by Cole & Prescott (1997) and Lehnert(1998).

5 Conclusion

The Delegation Principle is oftenly invoked, in applied papers, to justify attention to
menus. For simplicity and because of their economic appeal,authors however limit
attention to pure strategy equilibria where competition isrestricted to be in determinis-
tic menus.4 However, while outcomes sustained by (pure-strategy) equilibria in which
principals offer deterministic menus but where they could have offered stochastic ones
are indeed weakly robust, the equilibrium outcomes of the games where competition is
arbitrarely restricted to deterministic menus are not. Hence the theoretical foundations
invoked to justify why competition has been modeled as competition in menus are not
valid.
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